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A n a l y t i c a l  Solutions f o r  Yanncd Lunar Landin? T r a j e c t o r i e s  

C. IT. Shen, Professor of  flechanical En4qineering 

Rensselaer  ?o lv t cc  hnic I n s t i t u t e ,  Troy, M. Y. 
c 
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Various papers on t e m l n a l  

a v a i l a b l e  I n  the l l t e r a t u r t .  However, combined mid-course 

and t e r n i n z l  Tuidame without  a m r o x l r a t i o n  is s t i l l  d ?rob- 

lem a t  the  present tiw. I n  t h i s  a r t i c l e  a cont inuous t h r u s t  

prorram for a s i n r l e  e n r i n e  is emlover :  f o r  t h e  en t i re  descent  

, phase of a vehicle fro... a o r b i t .  ?he wi4?t of a mtro- 

rocke t  i s  r e n e r a l l y  p r o g o r t i o m l  t o  i t s  r?teG thrust. The 

op t imiza t ion  nroblem of t h e  conbined nass of fuel and enyine  

is anproachzd a-nroxlmatelv . 
The w i d a n c e  and c o n t r o l  system c m  be carried by t h e  

space v e n i c l e  t o  e l i n i n a t e  t h e  i nhe ren t  de lav  of an earth- 
/ 

bound r z d l o  command syster. (2.56 seconds round t r i D ) .  A l l  

necessary  sneclal conputers  w i l l  4e sufficiently s imnle  and 

small f o r  snace travel because all conputa t iona l  s o l u t i o n s  

are i n  c losed  alyebraic form, thus enab l inc  an a s t r o n a u t  to 

opera t e  t h e  v e h i c l e  and detemlr,e his ovn course i f  manual 

operation is perferred. OTS PRICE 
0 

XEROX $@7./q-L. 
MICROFILM $ .. .. 

'-See r e fe rence  a t  t h e  end of' t h e  9aner. 
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(1) b n a l v t i c a l  S o l u t i o n s  

The ecua t i ans  of no l l on  ( 5 )  of E: sqace vehicle in PI?. 1 

are w r i t t e n  wi th  t h e  square  of the  s ? ? c i f i c  an-ular ror?entun; 

as the Indenendent varizible(6) .  

the dvnaqica l  behavfar  of  the  rociset-r,overed veh ic l e  In an 

T e s e  equztions describe 

inverse square  fo rce  f i e l d ,  i.e., 

ar cz 
-0 r u  - -t -1 = o, 

kU, 2 4u2 

d2u 
dk2 

and - -!- 
(-I 

u3 ( 2 )  

where u = l/r = i n v e r s e  of t h e  radial distance reasured 

from t h e  center of the moon ( o r  Q l a n e t )  t o  the 

s p m e  vehicle, 

8 = a n r x l a r  displacement of  the vec to r  r wlth resy>ect 

t o  the local. v e r t i c a l  of the 1aricW-t.: noint, 

k =  square of t h e  snecific an-ular vomfitun = ( r 2 b  .J 

= ratiial s w c i f i c  force,  

a = trsnsverse s n e c i f i c  force, 

go = - rav i ta t ionz l  acceleration 2'; a reference a l t i t u d e  
0 

above the EiOOn ( o r  q l ~ ~ e t ) ,  

= l/r, = i n v e r s e  of t h e  r ad ius  zt a reference slti- uO 

tude  zbove the Tnoon ( o r  Tlane t ) .  
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The s o l u t i o n s  t o  these eTuations c8n be obtainerl  ?ro- 

videl! t ha t  t h e  s n o c i f i c  i c r ccs  are -itren. The transverse and 

radial  sr>ecir"ic f o r c e s  must; be chosen sc) that t h e  soft land- 

i n F  r e a u i r e m n t s  a r e  satisfZed. It is Durgosed t h a t  

' 0 < n < i ,  . -  ( 3 )  

The constants D a x x e t e r s  X 2nd B are  to be deterained. 

The j u s t i f i c e t i o n  f o r  t h e  l l n i t s  3n t h e  Darameters on n and 

q I s  that, as k approaches zero, the value of ae and zY r u s t  

be finite. This  r e su l t s  irA O< n and a 2 7. 
c o n d i t i o n s  ( e  = eb a t  k = kb) and t h e  f i n a l  co-ditions 

( e  = 0 a t  It = 0 ) ,  t h e  f 3 l l o v i n -  e m r e s s i o n s  are ob ta ined  bv 

so1vin.r eqrrations (1) and ( 3 )  

Under the i n i t i a l  

and 
b (1-n) 0 

kb 

The value of' 6 anproaches zero 2s n a p r o a c h e s  u n i t y .  Hence 

from equation ( 3 ) ,  ae apgroscht?s i n f i n i t v .  

tity n is less  than unity 2 s  r iven  in equa t ion  (3).  

Thus t h e  quan- 

Aftgr s u b s t i t u t i n p  equat ions  (11, ( 3 )  arrc! ( 4 )  i n t o  equa- 

tion (2 1 , the fol lowinr  l inear differential equation r e s u l t s  



where U = uo - u. 
The s o l a t i o n  must satrsfy t h e  followin.: i n i t d a l  and 

final condi t ions ,  l e e . ,  

f o r  6 = O,(k=li,), U = rJb (r = rb) ; 

and for  8 = O(k = 01, U = 0 ( r  = y o )  

as shown I n  Pig. 1. 

Thus t h e  s o l u t i o n  of' equat ion (7) I s  a Bessel f u n c t i o n  
( 7 W u  (9) of  the  first !cind 

1-23 where = ' ~ 4  and v = 1 - n - 9. As an enamale, a sinple 

form of  equat ion  (8 )  is given w i t h  n = 0, q = '2' t h u s  

'b s in2aeb  

1 1 where t! = t and IJ/U = =J I n  equat ion (8) .  

The above is a s o l u t i o n  of t h e  equat ion  

(9) 



( 2 )  Trajec tory  Determinat ion 

By s u b s t i t u t i n -  quat!.on ( 3 )  i n t o  equat ion  (1) and in-  

t e g r a t i n r  one o b t a i n s  ( n i t h n  = 0) 

where 2 -4 de -- ? r = u  (XI.  (by d e f i n i t i o n )  ( 1 2 )  

By co2bining equat ions  (11) a26 (12) the a n s l a r  v e l o c i t y  is 

Since k = 0 a t  8 = 0 t h e  t r a n s v e r s e  v e l o c i t v  at, t h e  refer- 

ence po in t  is t h e r e f o r e  zero,  i.e., 

= o  gso 
de 

which is a required condi t ion  a t  the t e rmina l  f o r  v e r t i c a l  

1 andinc . 
The value  of X is d e t e r r i n e d  bg the  i n i t i a l  cond i t ion  

that  the trajectory i s  tanrent t o  t h e  o r i p i n a l  o r b i t .  

If the i n i t i a l  t r a j e c t o r y  is t angen t  t o  a circular 

o r b i t ,  t hen  

D i f f e r e n t i a t i n n  equation (9) and s u b s t i t a t i n ?  i n t o  e:uation 

(151, shows t h a t  



. 

For a c i r c u l a r  orb i t ,  kb bwomes (1) 

P 

"0 

uo 'b 
kb - 2 .  (17) 

The radial  v e l o c i t y  csn be  obta ined  from equation (9). 

For a vehicHe landed from a circulzr o r b i t ,  the v e l o c i t y  

b e c orie s 

This r e s u l t s  ir! a soall red ia l  .?elocity, which can be e a s i l y  

reduced t o  zero by i n t r o d u c i n r  an add i t iona l  l a n d i n r  phase 

t o  be discussed la ter .  For the case of an o r b i t a l  a l t i -  

( 2 )  and a raiii;e angle e tude of 10.909 miles 

velocity from equat ion  (la) i s  4.55 of t h e  o r b i t a l  v e l o c i t y ,  

Th i s  i s  shown i n  ?i,-. 2 amon- other a l t i t u d e s  and ran:Te 

angles. For an o r b i t a l  v e l c c i t y  of 3733 Riles p e r  hour  t h i s  

rad ia l  v e l o c i t y  a t  the r e fe rence  ? o i n t  is o n l y  169.7 ai./hr. 

= l o o ,  t h e  radial  b 

If the i n i t i a l  t r a j e c t o r y  i s  tan-ent  t o  a c i r c u l a r  orb i t ,  

t he  resultant specific force may be apppoximated t o  Tive (see 

Appendix A f o r  de ta i l s )  

which i s  p l o t t e d  vs. $/eb ir. F i p ,  3 ,  from which one may con- 

c lude  t h a t  the specific t h r u s t  a/h,  is nearlv cons t an t  f o r  

low ranye anrles such as eb = 5 O  or l o o .  
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( 3 )  - Vertical Descent 

Exccgt dur ing  t e r m l n a l  hoverinc o f  t he  buy it i s  nro- 

posed t h a t  a cons ten t  t h r u s t  b e  er??loycd for t h e  v e r t i c a l  

descent .  It is found that ,  at t h e  end of the c u r v i l i n e a r  

l and in?  phese, the anwle between the  r e s u l t a n t  t h r u s t  and 

the local h o r i z o n t a l  is 

I 

which i s  zlso g l o t t e d  i n  Yig. 2. 

If t h e  angle  of t h e  t h r u s t  vec to r  chanpes i n s t a n t l y  from 

tan-' (2eb)  t o  a/2, 2nd t h e  Ta-nitude 

s t a n t  thereafter,  t h e  equat ion of no t ion  for t h e  vertical 

is maintained con- 

descent  at low a l t i t u d e  is  

F, dV 
d t  m -0 ' - = - -  

where Po = cons tan t  m p n i t u d e  of rocke t  t h r u s t ,  

v = v e r t i c a l  v e l o c i t y ,  

rn = pass of the vehic le  a t  time t, 

and 8, = p z v i t a t i o n a l  a c c e l e r a t i o n  of t h e  noon. 

The rocket t h r u s t  f o r  constant  exhaust  v e l o c i t y  

p = - c m .  
0 

(21) 

c is 

( 2 2 )  

S u b s t i t u t i n ?  eguat ion  ( 2 2 )  into eaua t ion  ( 2 1 )  and i n t e -  

E r a t i n s ,  y i e l d s  

t >  - P o t ,  
aO v ( t )  - v ( 0 )  = - c e n ( 1  - - 
C 
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where 

m = i n i t i a l  nass r,t v e r l i c a l  descent .  
0 

2nd 

The v e l o c i t y  must be zeyo a t  touchdown f o r  il s o f t  land- 

1?lz s o  t h a t  

v ( t , )  = 0 a t  e = tr, 

rrhere t f ,  the t i m e  at Soucfidonn, is obtained from equat ion  

(23). 

The totel d i s t a n c e  t r a v e l e d  during ver t i ca l .  landin.: i s  

shown as fol lows 

where s(t,) = 0, 

and so = i n i t i a l  a l t i t u d e  r equ i r ed  for v e r t i c t i l  descent. 

The value so for d i f f e r e n t  1 a n c X R m  anzles  O b  i s  n l o t t e d  

in Fig. 4. 

a mile for an orb2tir.P a l t i t u d e  of 10.909 !?ilt=s(*) ami a ranze 

It shows a small distarrce 0 agoroximately hzlf 

angle  eb = l o o .  
Prom eqluation (221, the  nass r a t i o  i s  obta ined ,  i.e., 

where my is the f i n a l  mass, 



The mass ra t io  vs. landing ans l e  eb i s  shown i n  Pig.  5. 
For an o r b l t l n c  a l t l t u d e  of 10.909 miles ( * )  above t h e  ref- 

erence poin t ,  i t  is notea t h a t  t he  r a t i o  of f i n a l  nass t o  

r e fe rence  mass I s  about 0.96, indicatiny: t h a t  t h e  fue l  

consuiiption dur ing  the  v e r t i c a l  descent is r e l a t i v e l y  very 

small. The ovt lmiza t ion  analysis will ne,?lect  t h i s  small 

c h a w e  of mass. 

( 4 )  Computation o f  T'ass Tfariat ions 

For the  c u r v i l i n e a r  1andinE phase from orbit the rocket  
( 1 0 )  t h r u s t  is expressed as 

- iiic = na, (26) 

where & = miss flow r a t e ,  and c = ccns t an t  exhaust velocity, 

t h u s  

where the q u a n t i t y  a is civen In equation (19) .  

The mass r a t i o  at  lotr a l t i t u d e  may be obtained as 

where 

- = e  m .-- -I0 
"b 

(28 )  

n = mass a t  angle 8 and nb = i n i t i a l  mass. 

F o r  t he  case of lunar landin-! the g r a v i t a t i o n a l  acceler-  

a t i o n  nea r  t h e  sur face  of moon where uo -' = 1080 miles i s  



-1 0- 

a p p r o x i m t e l y  e: = 5.31 f t / sec2 .  The exhaust  v e l o c i t y  c i s  

the product  of c = 32.2 f t / s e c  and t h e  s y e c i f i c  impulse of 

t h e  enyine.  

t hen  the  correspondln& va lue  of c is 1 0  ft/sec. 

-0 
2 

If we take t h e  s o e c i f i c  i ngu l se  t o  be 311 seconds,  
4 

The lunar bug In o r b i t  at altztudes of 5.427, 10.909 (14) 

OF 22.04 Files above t h e  ;coon, corpesponds t o  va lues  of' 

u = 1085.427, 1090.909 o r  1102.04 miles, r e s o e c t i v e l v .  There- 

fore the  r a t i o  ab/u0 i s  a n p r o x i m t e l y  u n i t y  and t h e  mass r a t i o  

m/mb i s  i n s e n s i t i v e  t c  the v a r i a t i o n  of' t h e  low a l t i t u d e  f o r  

l u n a r  landing i n  zccordance :Jith eqilatfori (28 )  and (29). This  

r2ss r a t i o  m/m,  i s  ? l o t t e d  vs. 8/0 

eb in ris. 6, where t h e  mass v a r i a t i o n  i n  9ounds of v:eir;.ht i s  

also Civen for a l u n a r  bug of 1 2  t o n s  (11) nhl-le i n  o r b i t .  

Picure 7 shows the mass r a t i o  m h o  vs. e/e, where no i s  the 

r e f e r e n c e  mass when the bu_r has no transverse v e l o c i t y  and 

descends v e r t i c a l l y  thereaf te r .  Table 1 l i s t s  the ratios of 

b 

for various rance anyles b 

t he  i n i t i a l  t o  referer,ce mss (mb/mo) f o r  various rmKe 

any les  eb and d i f f e r e n t  altitudes. 

is i n s e n s i t i v e  t o  a l t i t u d e .  As the quantj-ty m /m decreases  

with d e c r e a s i n r  ranze anple e an z s y m t o t i c  value of b' 

Here aFain t h e  mass r a t i o  

b o  

= , 7 2 9  is reached i?s eb apnroaches zero.  no'% 
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TAELE 2 

'b Values of - f o r  8, = 5.31 ft/sec2, and c = l o 4  ft/sec m *  
0 0  

----l--------- f i I 
22.09 miles 

O0 OD i E 

I 5.0419 1 5.0269 
15' i 3.4594 I 3.4369 3 . 4263 

- 1.8910 i 1.8841 ! .---;-4r 30 -. : ---- 
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(5) Computation of Thrus t  Ranre 

The t h r u s t  developed from a rocke t  enpine  should be 

ken t  as f l a t  as mssible ?or the  fo l lowin?  two reasons.  

F i r s t l y ,  t h e  l a n i t a t i o n  of v a r i a b l 9  t h r u s t  on enpine  desimn (12)  

w i l l  be discussed l a t e r ;  Secondly, t h e  f u e l  c o n s u m t i o n  is  

u s u a l l g  a t  Its nllnirnur? for 2 barn-banc systerr .  w i th  c o n s t a n t  

t h r u s t ,  which i s  t h e  P a x i m F  e f f o r t  of an enpine.  S ince  the  

t h r u s t  03 a s i w l e  en-.ine f o r  l u n a r  l a n d i n r  has t o  be th ro t -  

t l e d  down over  a wide ranwe f o r  hoveririr  near t h e  s u r f a c e  of 

t h e  izoon, t h e  r e q u i r x i e n t  t h a t  t h e  t h r u s t  i s  k e D t  s t r i c t l y  

c o n s t a n t  nay not  be necessary,  f o r  t h e  system t o  Five a y r o x -  

i pa t e ly  minimum f u e l  for the -isslon. 3imre 8 is  a q l o t  

o f  the t h r u s t  t o  r e f e r e n c e  c:ass P a t i o  7 

v a r i o u s  ranye a q l e s  e 

vs .  6/eb f o r  

b' 
Table 2 l i s t s  t h e  values of  /n c. which are i n s e n s l -  b 0 0  

t i v e  t o  the  chanee of a l t i t u d e  o r b i t  and x s u z l l y  r i v e  the 

h ighes t  t h r u s t  i t 1  Y l y D  8 a t  IQtv ranpe anyles  eb. 
above t h e  moolvi's s u r f a c e  usually er-nlovs t h e  same enpine  and 

r e q u i r e s  a t h r u s t  s p p r o x i m t e l v  equal t o  t h e  va lue  of mopo, 

t h e r e f o r e  t h e  va lue  o f  Fb/mopo i n  ?le. 9 zlso i n d i c a t e s  the 

ranTe o f  v a r i a b l e  t h r u s t .  nor e x a n l e ,  a t  a ranpe a?lPle o f  

'b 
which seem t o  be the u m e r  l i r - i t  of q rac t l ca l  o?erZt ion a t  

Hoverincz 

= 5O, t h e  r e q u i r e d  t h r u s t  throttlt_.rm ranye i s  about  l O : l ,  

If the  a a n u f a c t u r e r ' s  m e c i f i c a t i o n s  f o r  a (12) t h i s  t i m e  

p a r t i c u l a r  enpine i n d i c a t e  a c e r t a i n  maximum t h r o t t l i n p  ranee ,  

any va lue  of eb below the co r remond ing  va lue  of Fb/?nogo w i l l  

no t  be considered.  For example, i f  Fb/moFo = 10, then from 
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F i r .  9 o r  Table 2, t h e  ranee angle Bb should be l a y e r  t h a n  

5O 

( 6 )  Flinlmlzation of Combined Vass of %el and Enpine 

From Table 2 the requirec? t h r u s t  f o r  ze ro  ran=e  angle  

( eb  = 0) i s  i n f i n i t e  which is no t  p h y s i c a l l y  r e a l i z a b l e  be- 

cause i t  r e q u i r e s  an I n f i n i t e l y  large encine.  The mass o f  

t he  e n r i n e  i s  a p p r o x i m t e l v  o r o n o r t i o n a l  t o  i t s  rated maximum 

t h r u s t .  One car, write - 
m = ? - .  or s ( 3 0 )  e 

me '0 
&>' 

11s- 
0 IRZX 

m8X 
r;r 

where me = mass o f  e n s i n e  

= ra ted naximum t h r u s t .  and PmaX 

E f f i c i e n t  l a v e  enFines such as t h a t  f o r  Saturn C-1 pro- 
6 duce l.5(lO) l b  of t h r u s t  with an errpty v e h i c l e  weight of 

65 t o n s  (13) .  It i s  e s t i m t e c  that t h e  p r o p u l s i o n  is 4% of 

t h e  t o t a l  weirht (I4) and the  p2vload and s t r u c t u r e  are 81; 

of the t o t a l  weight. Thus a 2 2  ton engine on earth d e l i v e r -  

i n z  750 tons of t h r u s t  w i l l  nive 

5.31 22 (-1 = -00484. ' = 32.2 
6 Sa tu rn  C-5 w i t h  a t h r u s t  of 7.5(10) l b  hes an empty 

v e h i c l e  weirht of 170 t o n s .  

It is estimated 

may have a much 

.Ol<n<*02. 

n " -  57 
3750 

t ha t  8 small 

larger va lue  

T h i s  i s  ecruivalent t o  

(*m) 5.31 = .00251. 

5 en7inz w i t h  a t h r u s t  of (10)  lb 

for rl i n  the  nefrhborhood of 



The t o t a l  ? a s s  of a l u n a r  bup c o m i s t s  of ?avload, f u e l  

anc! engine.  Yaximizin* the nayloac? is equ iva len t  t o  mlnimiz- 

i n p  t h e  corb ined  ipass of  fuel and enT€ne. The f u e l  mass E 

i s  t h e  d i f f e r c n c e  of t h e  i n i t i a l   ass pb and the r e fe rence  

mass no, L e . ,  

U 

U = q b - r  0' (31) 

where t h e  engine mass ne i s  qiven i n  e c u a t i o n  (30). 

the co!y.bined zass, 

Thus 

o r  

i s  the q u a n t i t y  t o  be minimized. 

Figure 9 i s  a p l o t  of  f'/mo vs. 8 for- various va lues  3 

of n. The minimrn value ~f Y//n for = 0.01 is a t  eb = go 

while f o r  q = 0.02, eb = 12O, croviCed these ranre values of 
0 

m 
- =  'b 5.58 and 4.23, r e s x c t i v e l y ,  are allowable as exp la ined  n g  

0 0  

i n  the l a s t  s e c t i o n .  

Table  3 shows t h e  cl-zta for a t y p i c a l  l u n z r  l a2d ing  sat- 

isfying a l l  t h e  previous  r e q u i r 2 r e n t s .  

One concludes from Tzble  3 t h s t  2 1 2  t o n  burr i n  orbi t  

would hzve a gayload of 13,100-688 = 12,412 l b  ( ea r th ' s  we i rh t )  

at about t h e  t ipe  cf h n d i n y  (cass c o n s u m t i o n  d u r i n p  hover ing  

excluded).  
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4 c = 19 ft/sec 

gross I w e i y h t  

engine I weight 
angu la r  i e r ro r  -I - ---- I 

I---- 
rad ia l  f e r r o r  b 

= Aub 

-- 
tine 

i elapse 
i itb = 0 



Sonclusions 

( a )  The t r s . j ec to ry  mey be planned t o  rvide t h e  l u n a r  bup 

con t lnuous lv  frm orbit t o  l en8 inc .  Yonlirte2r nuidance and 

c o n t r o l  are r e q u i r e d  t o  spec i fv  rocke t  m c p u l s i o n .  Solu- 

t i o n s  f o r  t h e  t r a j e c t o r y  m-2 in closed alCebraic form, t h u s  

enabl-fnz aF a s t r o n a u t  t o  corn?ute t h e  s o l u t i o n s  on board i f  

he prefers manual ooera t ion .  Claborate t r a c k i n ?  i s  not  

r e u u i r e d  as there  are no trackTn7 s t a t i o n s  on t h e  noon. 

( 0 )  Due to d e s i m  . J I l r i t a t i o i i s  a s i n y l e  rocke t -en- :he  of  

v a r i a b l e  t h r u s t  is  used for t:ie descent phase of t!x l u n a r  

bus.  As the range ar,~:le 8 beccyes m a l l ,  t h e  r e a u i r e d  t h r u s t  

i n c r e a s e s  ra??.dly. This  i n  t u r n  increases t h e  we5:ht of t h e  
b 

enpine.  

effect  of i n c r e a s i n -  :.rei%ht due t o  t h r u s t  counter-F>alances 

t h e  dec rezse  of fuel mess. 

There exists  an oytimurn an r l e  for eb .$There t h e  

( c )  Variatioz of  t h e  rnaxirm thrzst of t h e  rocke t  enyine 

i s  s t u d i e d  f o r  a l u n a r  soft-lan2in: from l 0 ~ 9 7  s l t i t u d e  f o r  

approx ipa te ly  5 O  t o  60° o f  r2nr.e an?le. The requirement  of 

t h r u s t  variation ?laces 3. lower bouad on t h e  ranye a n r l e  f o r  

the desic:n rjroblem. 
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J u s t i f l e a t i o n  is t o  b e  fcunc: f o r  s i c n l e  an?roximate 

f o r m  f o r  t he  s p e c i f i c  forces i n  orde- to o 5 t z i n  an es t i sa te  

of t h e  mass r a t i o .  

0 
r,-r 

0 'b 
The cpa~tit:7 7 Is equal t o  (-) which i a  much less 

than u n i t y  f c r  l o v  a l t i t uee .  For e x a m l e ,  an a l t i t u d e  of  
ub 
UO 

22.04 miles  2bove t he  c o ~ n  corrPs3onds t o  - = 0.02. There- 

fore the  fol lowin-  r e l a t i o n  cbta-lned f r o E  ecmatlcri ( 9 )  is 

j u s t i f i e d :  

Substitutinr equa t ion  0.1) into eque t ions  ( 3 )  ant! ( 4 )  

f o r  n = 0, one obta ins  

and 

where the  

Comb i n  i n  g 

and 

)lo 3 -- 28 ' 
3 

EL F n #  ,n 50 - ku, 
l a s t  t e m  i i 1  equa t ion  ( 4 )  i s  v e r y  small. 

equat ions  ( 5 ) ,  ( 6 )  and (17) f o r  n = 0 y i e l d s  

S u S s t i t u t i n n  e m a t i o n s  (A$) end (A5) Into equat ion  (A3) 

and equat ion  (,42), r e s ~ e c t i v e l y ,  End c o n s i d e r i n -  the ao3roxi-  

matfon i n  equation (Al), the f o l l o v i n y  r e l a t i o n s  are  obta ined:  



and 

The r e s u l t a n t  snec i f i c  force becones 

. .  -2 0- 
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